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Abstract
A metric space X is said to have the unique midpoint property (UMP) if there is a metric d on X
which induces the topology of X and such that for each pair of distinct points x, y ∈X, there is one
and only one point p ∈X with d(x,p)= d(y,p). We consider the problem: Which subspaces of the
real line R have the UMP. We prove theorems which imply the following:
(1) Let I and J be separated intervals. Then, the sum I ∪ J has the UMP if and only if at least
one of I and J is not compact.
(2) The sum of an odd number of disjoint closed intervals has the UMP.
(3) The spaces [0,1] ∪ Z and [0,1] ∪Q do not have the UMP.
(4) Let X be the sum of at most countably many subspaces Xn of R. If each Xn is either an
interval or totally disconnected and if at least one of Xn is a noncompact interval, then X has
the UMP.
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1. Introduction
All spaces considered are assumed to be metrizable and a component means a connected
component. A topology-preserving metric on a space X is a metric which induces the
topology of X. A metric d on a space X is said to have the unique midpoint property
(abbreviated UMP) if for each pair of distinct points x, y of X, there exists one and only
one point p ∈X such that d(x,p)= d(y,p). We say that a space X has the UMP if there
is a topology-preserving metric d on X with the UMP. Berard [1] first studied the UMP
and proved that a connected space with the UMP is homeomorphic to an interval. More
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precisely, Nadler [5] showed that every nondegenerate component of a space with the UMP
is homeomorphic to an interval and proved that a separable, locally compact space with the
UMP embeds in the real line R. It is, however, open whether a separable space with the
UMP can embed in R (cf. [3,5]).
The purpose of this paper is to consider the converse problem: Which subspaces of
R have the UMP? Obviously, R itself, all intervals and the space Q of rational numbers
have the UMP. It is, however, not trivial if given a disconnected subspace of R has the
UMP, in general. For n ∈ N, let In be the sum of n many disjoint closed intervals. In
Sections 2 and 3, we prove the following Theorems 1–3:
Theorem 1. A compact disconnected space X such that either exactly one of the
components is or exactly two of the components are nondegenerate does not have the UMP.
In particular, I2 does not have the UMP. On the other hand, I2n−1 has the UMP for each
n ∈N.
Here, a component is called nondegenerate if it contains at least two distinct points. The
following theorem does not require compactness of X. Let |A| denote the cardinality of a
set A and c the cardinality of the continuum.
Theorem 2. Let X be a disconnected space having a subspace Y which is homeomorphic
to either I1 or I2. Assume that |X \ Y |< c. Then, X does not have the UMP.
We shall also show that compactness ofX is necessary in Theorem 1 and the assumption
that |X \ Y |< c cannot be removed from Theorem 2 (see Example in Section 2). The final
theorem shows that many spaces containing a noncompact interval as an open–closed set
have the UMP.
Theorem 3. Let X be a subspace of the real line R satisfying the following conditions
(i)–(iii):
(i) each nondegenerate component of X is an open set in X;
(ii) the union of one-point components of X is an open set in X; and
(iii) at least one component is not compact.
Then, X has the UMP.
The statement (1) in the abstract follows from Theorems 1 and 3; (2) follows from
Theorem 1; (3) follows from Theorem 2; and (4) follows from Theorem 3.
Throughout the paper, let R denote the real line with the usual topology,Q the subspace
of rational numbers and N the set of positive integers. Let e denote the base of the natural
logarithm. For a, b ∈R with a < b, we write
[a, b] = {x ∈X: a 6 x 6 b},
(a, b)= {x ∈X: a < x < b},
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and write [a, b) and (a, b], analogously. When a space X has a disjoint open cover
{Xα: α ∈A}, we say thatX is the sum of the spaces {Xα : α ∈A}. Other terms and symbols
will be used as in [2].
2. Proofs of Theorems 1 and 2
Let d be a metric with the UMP on a space X. Then, for each pair of distinct points
x, y ∈X, there is the unique point p such that d(x,p)= d(y,p). We call the point p the
midpoint of x and y , and write p =m(x,y). We considerm a map fromX2 \∆ toX, where
∆= {〈x, x〉: x ∈X}, and call m the medial map of d . The following Lemmas 1 and 2 are
proved by Nadler [5].
Lemma 1 (Nadler). Let d be a continuous metric with the UMP on a space X and C a
connected subset of X. Let m be the medial map of d . Then, m[C2 \∆] ⊆ C.
Lemma 2 (Nadler). Every nondegenerate component of a space with the UMP is
homeomorphic to an interval.
Lemma 3. Let d be a continuous metric with the UMP on a space X and m the medial
map of d . Let K be a compact set in X. Then, m−1[K] is closed in X2 \∆ and m|m−1[K]
is continuous.
Proof. To prove that m−1[K] is closed, let {〈xn, yn〉}n∈N be a sequence in m−1[K]
converging to a point 〈x, y〉 ∈X2 \∆. It suffices to show that 〈x, y〉 ∈m−1[K]. For each
n ∈ N, put pn =m(xn, yn). Since K is compact, the sequence {pn} contains a convergent
subsequence. Thus, by passing to a subsequence if necessary, we may assume that {pn}
converges to a point p ∈K . Since d(xn,pn)= d(yn,pn) for each n ∈N, d(x,p)= d(y,p)
by the continuity of d . Hence, p = m(x,y), which implies that 〈x, y〉 ∈ m−1[K]. Let F
be a closed set in K . Then, as we have proved, m−1[F ] is closed. Hence, m|m−1[K] is
continuous. 2
The following lemma was noticed by Eda when the first author talked about the UMP at
the conference in 1993.
Lemma 4 (Eda). The medial map of a continuous metric with the UMP on a compact
space X is continuous.
Proof. This follows from Lemma 3. 2
Example below shows that compactness of X is essential in Lemma 4.
Lemma 5. Let X be a space with the UMP, I a compact nondegenerate component of X
and y ∈X \ I . Let d be a topology-preserving metric with the UMP onX andm the medial
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map of d . Then, m[I × {y}] 6⊆ I , m[{y} × I ] 6⊆ I and |(I × {y})∩m−1(p)|6 1 for each
p ∈X \ I .
Proof. Suppose thatm[I ×{y}] ⊆ I . Then, since I is homeomorphic to the closed interval
by Lemma 2, m has a fixed point p ∈ I , i.e., m(p,y) = p. Since d(p,p) = 0 < d(y,p),
this contradicts the definition of m. Similarly, we have m[{y} × I ] 6⊆ I . Finally, suppose
that there exist distinct points x1, x2 ∈ I and p ∈X \ I such that p=m(x1, y)=m(x2, y).
Then, since d(x1,p) = d(y,p) = d(x2,p), p = m(x1, x2). Since p /∈ I , this contradicts
Lemma 1. 2
Proof of Theorem 1. To prove the first statement, let X be a compact disconnected space
such that either exactly one of the components is or exactly two of the components are
nondegenerate. Suppose on the contrary that there exists a topology-preserving metric d
with the UMP on X and m the medial map of d . Then, m is continuous by Lemma 4.
First, we consider the case that X has the unique nondegenerate component I . Since X is
disconnected, there is a point y ∈X \ I . Since X \ I is totally disconnected, it follows from
the continuity ofm that eitherm[I×{y}] ⊆ I orm[I ×{y}] = {p} for some p ∈X\I . This
contradicts Lemma 5. Next, we consider the case that X has the only two nondegenerate
components I and J . Since m is continuous, one of the following cases holds:
m[I ×J ] ⊆ I, (2.1)
m[I ×J ] ⊆ J, (2.2)
m[I ×J ] = {p} for some p ∈X \ (I ∪ J ). (2.3)
Since all of these contradict Lemma 5, we have proved the first statement. It remains to
show that I2n−1 has the UMP for each n ∈N. Since this is trivial for n= 1, we assume that
n> 2. Consider the subspace
X =
2n−2⋃
k=0
{
〈1, θ〉: 2kpi
2n− 1 6 θ 6
2kpi
2n− 1 +
pi
4n− 2
}
of the unit circle in the plane, where points are represented by polar coordinates. Then, X
is homeomorphic to I2n−1 and it is easily checked that the metric d on X inherited from
the usual metric on the plane has the UMP. Hence, I2n−1 has the UMP. 2
Proof of Theorem 2. Suppose on the contrary that there is a topology-preserving metric
d with the UMP on X. Let m be the medial map of d . First, we consider the case that Y is
homeomorphic to I2 = I ∪ J , where I and J are disjoint closed intervals. We may assume
that Y = I ∪ J ⊆X. Then,
I × J ⊆m−1[I ] ∪m−1[J ] ∪m−1[X \ Y ]. (2.4)
Since |X \ Y |< c, it follows from the final inequality of Lemma 5 that∣∣(I × {y})∩m−1[X \ Y ]∣∣< c for each y ∈ J. (2.5)
By Lemma 3, m−1[I ] and m−1[J ] are disjoint closed sets in X2 \∆. This combined with
(2.4) and (2.5) implies that either I × J ⊆m−1[I ] or I × J ⊆m−1[J ], which contradicts
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Lemma 5. Next, we consider the case that Y is homeomorphic to the closed interval I .
SinceX is disconnected, there is a point y ∈X \Y . Then, we have a contradiction similarly
to the above case if we consider {y} instead of J . 2
The following example shows that compactness of X is essential in Theorem 1 and the
assumption that |X \ Y |< c cannot be removed from Theorem 2.
Example. We show that the subspace X = ([−1,0] \ Q) ∪ [0,1] ∪ ([1,2] ∩ Q) of R
has the UMP. Consider the subspace Y = A ∪ B ∪ C of the unit circle S1 in the plane,
where A = {〈1, θ〉: 0 6 pi 6 pi/2}, B = {〈1, θ + pi/2〉: 0 < θ < pi/2, θ ∈ Q} and C =
{〈1, θ + 3pi/2〉: 0< θ < pi/2, θ ∈R \Q}. Observe that for each p ∈ S1, exactly one of p
and −p is in Y , where −p is the antipodal point of p. This implies that the metric d on
Y inherited from the usual metric on the plane has the UMP. Since X is homeomorphic
to Y , X has the UMP. We show that the medial map m of d is not continuous. Let
q = 〈1,7pi/4〉 ∈ Y . Then, for each ε > 0, there are 0 < θi < ε (i = 1,2) such that
m(〈1, θ1〉, q) ∈ B and m(〈1, θ2〉, q) ∈ C. Hence, we can find a sequence {pn}n∈N ⊆ A
converging to 〈1,0〉 such that m(p2n−1, q) ∈ B and m(p2n, q) ∈ C for each n ∈ N. Then,
{〈pn, q〉}n∈N converges to 〈〈1,0〉, q〉 in Y 2 \∆, but {m(pn, q)}n∈N does not converge to any
point of Y , because the distance between B and C is positive. Hence, m is not continuous.
Remark 1. The second author recently proved that I4 does not have the UMP but I6, I10
and Iω have the UMP, where Iω is the sum of countably infinitely many disjoint closed
intervals. We do not know if In has the UMP for n= 8 or an even number n> 12.
3. Proof of Theorem 3
We first define a universal space M of spaces satisfying the conditions (i)–(iii)
in Theorem 3 and show thatM has a ‘good’ topology-preserving metric with the UMP. Let
A= (−∞, b], where b =− log 2. For each i ∈N ∪ {0}, let Bi = (2− 1/3i+1,2− 2/3i+2)
and let B ′ =⋃i∈N∪{0}Bi . Observe that, for each pair of distinct points x, y ∈B ′,
(x + y)
2
/∈ B ′ if {x, y} 6⊆ Bi for each i ∈N∪ {0}. (3.1)
Choose points s, t ∈ B0 with s < t and put α = |s − t|. Define
C =
{
s + α
∞∑
n=1
i
4n
: i = 0 or 3
}
.
In other words, C = ⋂n∈NCn, where C1 = [s, t] \ (s + α/4, t − α/4) and, assuming
inductively that we have defined Cn, Cn+1 is defined by deleting from Cn the middle open
interval, with length α/2n+1, of each component of Cn. The set C is homeomorphic to the
Cantor set, and by the construction, (x+y)/2 /∈C for each pair of distinct points x, y ∈ C.
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Let B =⋃i∈NBi . Since C ⊆ B0, it follows from (3.1) that, for each pair of distinct points
x, y ∈B ∪C,
(x + y)
2
/∈ B ∪C if {x, y} 6⊆ Bi for each i ∈N. (3.2)
We consider the subspace M =A∪B ∪C of the real line R.
Lemma 6. There exists a metric d on the space M such that
(i) d is a topology-preserving metric on M ,
(ii) d has the UMP, and
(iii) for each pair of distinct points x, y ∈ M , if {x, y} 6⊆ Bi for each i ∈ N, then
m(x,y) ∈ (−∞, b).
Proof. (I) Define a function h :A→A by
1+ eh(x) = x − h(x) for x ∈A; (3.3)
i.e., h(x) is the first coordinate of the intersection point of the graphs of two functions
f (u)= 1+ eu and g(u)= x − u. By the definition, h(x) < x for each x ∈A and
0< h(y)− h(x) < y − x if x < y. (3.4)
For x, y ∈ A with x 6 y , we define d(x, y) as follows: If h(y) 6 x , then d(x, y) =
d(y, x)= |x − y|. If x < h(y), then
d(x, y)= d(y, x)= (y − h(y))+ (eh(y)− ex)
= 1+ 2eh(y)− ex. (3.5)
The last equality of (3.5) follows from (3.3). For x, y ∈ B ∪ C, let d(x, y) = d(y, x) =
|x − y|. For x ∈A and y ∈Bi (i ∈N), we define d(x, y) as follows: If −26 x 6 b, then
d(x, y)= d(y, x)= 1+ yex. (3.6)
If −36 x 6−2, then
d(x, y)= d(y, x)= 1+
[(
1− 5
3i+2
)
(x + 2)+ y
]
ex. (3.7)
If x 6−3, then
d(x, y)= d(y, x)= 1+
[(
1− 5
3i+2
)
(−1)+ y
]
ex. (3.8)
For x ∈A and y ∈C, we define d(x, y) as follows: If−26 x 6 b, then d(x, y) and d(y, x)
are same as (3.6). If −36 x 6−2, then
d(x, y)= d(y, x)= 1+ [(2y − 3)(x + 2)+ y]ex. (3.9)
If x 6−3, then
d(x, y)= d(y, x)= 1+ [(2y − 3)(−1)+ y]ex
= 1+ (3− y)ex. (3.10)
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Now, the definition of the function d :M ×M→R is complete. For later use, we remark
the following easy fact:
ey − ex 6 ey(y − x) for each x, y ∈A with x < y. (3.11)
(II) Before proving that d is a metric satisfying the conditions (i)–(iii), we prove
Facts A to E below. The first one shows monotonicity of the function d(x, · ).
Fact A. The following conditions hold:
(A.1) If x, y, z ∈A and x < y < z, then d(x, y) < d(x, z) and d(y, z) < d(x, z).
(A.2) If x, y ∈A, x < y and z ∈ B ∪C, then d(x, z) < d(y, z).
(A.3) If x ∈A, y, z ∈ Bi (i ∈N) and y < z, then d(x, y) < d(x, z).
Proof. (A.1) By (3.4), h(y) < h(z). To prove the first inequality, we distinguish three cases
by the position of x: If x < h(y), then d(x, y)= 1+2eh(y)−ex < 1+2eh(z)−ex = d(x, z)
by (3.5). If h(y)6 x < h(z), then by (3.3) and (3.5),
d(x, y)= y − x 6 y − h(y)= 1+ eh(y) < 1+ eh(z)
< 1+ eh(z) + (eh(z) − ex)= 1+ 2eh(z) − ex = d(x, z).
If h(z) 6 x , then d(x, y)= y − x < z − x = d(x, z). To prove the second inequality, we
distinguish three cases by the value of h(z): If h(z)6 x , then d(y, z)= z− y < z− x =
d(x, z). If x < h(z)6 y , then by (3.3) and (3.5),
d(y, z)= z− y 6 z− h(z)= 1+ eh(z)
< 1+ eh(z) + (eh(z) − ex)= 1+ 2eh(z) − ex = d(x, z).
If y < h(z), then d(y, z)= 1+ 2eh(z) − ey < 1+ 2eh(z)− ex = d(x, z).
(A.2) For z ∈ B , the function d( · , z) is monotone increasing on A by (3.6)–(3.8). For
z ∈ C, since z > 3/2, the function d( · , z) is monotone increasing on A by (3.6), (3.9) and
(3.10). Hence, we have (A.2).
(A.3) Since y, z ∈ Bi for i ∈ N and y < z, d(x, z) − d(x, y) = (z − y)ex > 0
by (3.6)–(3.8). Hence, d(x, y) < d(x, z). 2
The fact (A.3) need not be true if {y, z} 6⊆ Bi for each i ∈ N. We have, however, the
following facts:
Fact B. Let y, z be distinct points of B ∪C such that y < z and {y, z} 6⊆ Bi for each i ∈N.
Define ϕ(x)= d(x, y)− d(x, z) for x ∈A. Then, we have:
(B.1) If −26 x 6 b, then −(z− y) < ϕ(x) < 0.
(B.2) If −36 x1 < x2 6−2, then ϕ(x1) > ϕ(x2).
(B.3) If x 6−3, then 0< ϕ(x) < z− y .
Proof. (B.1) By (3.6), ϕ(x)= (y− z)ex . Since y < z, ϕ(x) < 0 and ϕ(x)=−(z− y)ex >
−(z− y).
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(B.2) We show that the derivative ϕ′(x) is negative for each x ∈ (−3,−2) by cases. If
y ∈ Bi , z ∈Bj and 16 i < j , then by (3.7),
ϕ(x)=
[
5
(
1
3j+2
− 1
3i+2
)
(x + 2)+ (y − z)
]
ex
for each x ∈ [−3,−2]. Thus,
ϕ′(x)=
[
5
(
1
3j+2
− 1
3i+2
)
(x + 3)+ (y − z)
]
ex
for each x ∈ (−3,−2). Since i < j , x >−3 and y < z, ϕ′(x) < 0 for each x ∈ (−3,−2).
If y ∈ C and z ∈ Bj for j ∈N, then by (3.7) and (3.9),
ϕ(x)=
[(
5
3j+2
+ 2y − 4
)
(x + 2)+ (y − z)
]
ex
for each x ∈ [−3,−2]. Thus,
ϕ′(x)=
[(
5
3j+2
+ 2y − 4
)
(x + 3)+ (y − z)
]
ex
for each x ∈ (−3,−2). Since y < 2− 2/32, j > 1, x >−3 and y < z, ϕ′(x) < 0 for each
x ∈ (−3,−2).
If y, z ∈ C, then by (3.9), ϕ(x) = (y − z)(2x + 5)ex for each x ∈ [−3,−2]. Thus,
ϕ′(x) = (y − z)(2x + 7)ex for each x ∈ (−3,−2). Since y < z and x > −3, ϕ′(x) < 0
for each x ∈ (−3,−2). Hence, in each case, ϕ is monotone decreasing on the interval
[−3,−2], from which (B.2) follows.
(B.3) We distinguish three cases: If y ∈ Bi , z ∈Bj and 16 i < j , then by the definitions
of Bi and Bj , it is easily checked that
1
3i+2
< z− y < 5
(
1
3i+2
− 1
3j+2
)
. (3.12)
By (3.8),
ϕ(x)=
[
5
(
1
3i+2
− 1
3j+2
)
− (z− y)
]
ex. (3.13)
It follows from (3.12) and (3.13) that ϕ(x) > 0 and ϕ(x) < [5/3i+2 − (z − y)]ex <
4(z− y)e−2 < z− y .
If y ∈ C and z ∈ Bj for j ∈N, then ϕ(x)= [4−5/3j+2− (y+ z)]ex by (3.8) and (3.10).
Since C ⊆ B0, it follows from the definitions of B0 and Bj that
3< y + z < 4− 5
3j+2
and
1
32
< z− y. (3.14)
Hence, ϕ(x) > 0. Define f (u)= (z− y)− ϕ(u) for u6−3. Then, by (3.14),
f ′(u)=−ϕ′(u)=−
[
4− 5
3j+2
− (y + z)
]
eu < 0
for each u < −3. Hence, f is monotone decreasing on (−∞,−3]. Since f (−3) >
3−2 − e−3 > 0 by (3.14), f (u) > 0 for each u6−3, and hence, ϕ(x) < z− y .
If y, z ∈ C, then ϕ(x)= (z− y)ex by (3.10). Since y < z, 0< ϕ(x) < z− y . 2
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Fact C. The following conditions hold:
(C.1) For each x, y ∈M , d(x, y) < 2.
(C.2) For each x, y ∈A, d(x, y)6 |x − y|.
(C.3) For each x, y ∈A with x 6 h(y) < y , then d(x, y) > 1.
(C.4) For each x, y ∈A, if either |x − y|6 1 or d(x, y)6 1, then d(x, y)= |x − y|.
(C.5) For each x ∈A and y ∈ B ∪C, d(x, y)> 1+ ex > 1.
(C.6) For each x, y ∈ B ∪C, d(x, y)= |x − y|< 1.
Proof. (C.1) For x, y ∈ A with x 6 y , we distinguish two cases: If h(y) 6 x , then
d(x, y) = y − x 6 y − h(y) = 1 + eh(y) < 2 by (3.3). If x < h(y), then d(x, y) =
1 + 2eh(y) − ex < 1 + 2eb − ex = 2 − ex < 2 by (3.5). For x ∈ A and y ∈ B ∪ C, it
follows from (A.2) that d(x, y) 6 d(b, y) = 1 + yeb = 1 + y/2 < 2. For x, y ∈ B ∪ C,
d(x, y)= |x − y|< 1.
(C.2) We may assume that x 6 y . If h(y) 6 x , then d(x, y) = y − x . To prove the
case x < h(y), let g(u)= (y − u)− d(u, y)= (y − u)− (1+ 2eh(y) − eu) for u6 h(y).
Since g′(u) = eu − 1 < 0 for each u < h(y), g is monotone decreasing on the interval
(−∞, h(y)]. Since g(h(y)) = 0 by (3.3), g(u) > 0 for each u < h(y). In particular,
g(x) > 0, i.e., d(x, y) < y − x .
(C.3) Since x 6 h(y), d(x, y)= 1+2eh(y)−ex = 1+eh(y)+(eh(y)−ex)> 1+eh(y) > 1
by (3.5).
(C.4) We may assume that x 6 y . If |x − y|6 1, then by (3.3),
x − h(y)= x + (1+ eh(y) − y)
= 1− (y − x)+ eh(y) > eh(y) > 0,
and hence, h(y) < x , which implies that d(x, y)= |x − y|. If d(x, y)6 1, then h(y) < x
by (C.3), and hence, d(x, y)= |x − y|.
(C.5) First, assume that y ∈Bi for some i ∈N; then y > 2− 1/3i+1 > 1. If −26 x 6 b,
then d(x, y)= 1+ yex > 1+ ex by (3.6). If x 6−2, then by (3.7) and (3.8),
d(x, y)> 1+
[(
1− 5
3i+2
)
(−1)+
(
2− 1
3i+1
)]
ex > 1+ ex.
Next, assume that y ∈ C; then 2− 1/3< y < 2. If −26 x 6 b, then d(x, y)= 1+ yex >
1 + ex . If −3 6 x 6 −2, then d(x, y) = 1 + [(2y − 3)(x + 2) + y]ex by (3.9). Since
y > 5/3 and x >−3, (2y − 3)(x + 2)+ y > 1. Hence, d(x, y) > 1+ ex . If x 6−3, then
d(x, y)= 1+ (3− y)ex > 1+ ex since y < 2.
(C.6) This follows from the definition of d . 2
Fact D. The following conditions hold:
(D.1) For each x, y, z ∈A with x < y < z, |d(x, z)− d(x, y)|6 d(y, z).
(D.2) For each x, y ∈A and z ∈ B ∪C, |d(y, z)− d(x, z)|6 d(x, y).
(D.3) For each x ∈A and each y, z ∈B ∪C, |d(x, y)− d(x, z)|6 d(y, z).
Proof. (D.1) Since d(x, y) < d(x, z) by (A.1), it suffices to show that
d(x, z)− d(x, y)6 d(y, z).
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We consider five subcases: If x < h(y) < y < h(z) < z, then
d(x, z)− d(x, y)= 2eh(z)− 2eh(y) < 2eh(z)− (ey − 1)= d(y, z).
If x < h(y) < h(z)6 y < z, then by (3.5), (3.4) and (3.11),
d(x, z)− d(x, y)= 2eh(z) − 2eh(y)
6 2eh(z)
(
h(z)− h(y))6 2eb(z− y)= z− y = d(y, z).
If h(y)6 x < y < h(z) < z, then by (3.5) and (3.11),
d(x, z)− d(x, y)= 1+ 2eh(z) − ex − (y − x)= d(y, z)+ ey − ex − (y − x)
6 d(y, z)+ (ey − 1)(y − x)6 d(y, z).
If h(y) 6 x < h(z) 6 y < z, then d(x, z) 6 z − x by (C.2) and d(x, y)= y − x . Hence,
d(x, z)− d(x, y)6 (z− x)− (y − x)= z− y = d(y, z). If h(y) < h(z)6 x < y < z, then
d(x, z)− d(x, y)= (z− x)− (y − x)= z− y = d(y, z).
(D.2) We may assume that x 6 y . We distinguish two cases: If x < h(y), then d(y, z)−
d(x, z) < 2 − 1 < d(x, y) by (C.1), (C.5) and (C.3). Since d(x, z) < d(y, z) by (A.2),
|d(y, z)− d(x, z)|6 d(x, y). If h(y)6 x , then d(x, y)= |x − y|. Let f (u)= d(u, z) for
u ∈A. Then, u is differentiable at each point of A except for u=−3,−2 and b. By (3.6)–
(3.10), it is easily checked that 0 < f ′(u) < 1 for each u ∈ A \ {−3,−2, b}. Hence, it
follows from the mean value theorem that∣∣d(y, z)− d(x, z)∣∣= ∣∣f (y)− f (x)∣∣6 |x − y| = d(x, y).
(D.3) We may assume that y 6 z. Let x ∈A and y, z ∈ B ∪C with y 6 z. If {y, z} 6⊆ Bi
for each i ∈ N, then |d(x, y) − d(x, z)| 6 z − y = d(y, z) by Facts B and (C.6). If
{y, z} ⊆ Bi for some i ∈ N, then by (A.3), (3.6)–(3.8) and (C.6), 06 d(x, z)− d(x, y)=
(z− y)ex 6 z− y = d(y, z). Hence, we have (D.3). 2
Fact E. The following conditions hold:
(E.1) For each x, z ∈A with x < z and y ∈ B ∪C, d(x, z) < d(y, z).
(E.2) For each x ∈A, limu→−∞ d(x,u) > 1.
(E.3) For each y ∈B ∪C, limu→−∞ d(y,u)= 1.
(E.4) For each distinct points x, y, z ∈ B ∪ C, if {y, z} 6⊆ Bi for each i ∈ N, then
d(x, z) 6= d(y, z).
Proof. (E.1) We distinguish two subcases: If h(z)6 x , then it follows from (3.3) and (C.5)
that
d(x, z)= z− x 6 z− h(z)= 1+ eh(z) < 1+ ez 6 d(z, y).
If x < h(z), then d(x, z) < 1+ 2eh(z) by (3.5). Since h(z)= z− 1− eh(z) < z− 1 by (3.3),
it follows from (C.5) that
d(x, z) < 1+ 2eh(x) < 1+ 2ez−1 = 1+ (2/e)ez < 1+ ez 6 d(z, y).
(E.2) By (A.1), the function d(x, · ) is monotone decreasing on the interval (−∞, x] ⊆
A. Hence,
lim
u→−∞d(x,u)= limu→−∞(1+ 2e
h(x)− eu)= 1+ 2eh(x) > 1.
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(E.3) By (A.2), the function d(y, · ) is monotone increasing on A. Hence, we have (E.2)
by (3.8) and (3.10).
(E.4) This follows from (3.2) and (C.6). 2
(III) We show that d is a topology-preserving metric on M . For each x, y ∈M , by the
definition of d , d(x, y)= 0 if and only if x = y , and d(x, y)= d(y, x). To show the triangle
inequality, let x, y, z ∈M be fixed. We have to prove the three inequalities:
d(x, y)6 d(x, z)+ d(z, y), (3.15)
d(y, z)6 d(y, x)+ d(x, z), and (3.16)
d(x, z)6 d(x, y)+ d(y, z). (3.17)
If x, y, z ∈ A with x < y < z, then (3.15) and (3.17) follow from (D.1), and (3.16)
follows from (A.1).
If x, y ∈A, x < y and z ∈B∪C, then d(x, y) < 2< d(x, z)+d(z, y) by (C.1) and (C.5).
By (D.2), we have (3.16) and (3.17).
If x ∈A and y, z ∈B ∪C, then we have (3.15) and (3.17) by (D.3). By (C.1) and (C.5),
d(y, z) < 2< d(y, x)+ d(x, z).
If x, y, z ∈B ∪C, then we have (3.15)–(3.17) by (C.6).
Now, we have proved that d is a metric on M . By (C.5), the metric space (M,d) is the
topological sum of A and B ∪C. By (C.4) and (C.6), d induces the original topologies on
A and B ∪C, respectively. Hence, d is a topology preserving metric on M .
(IV) It remains to prove that d has the UMP. Let x, y ∈M with x 6= y .
Case 1. x, y ∈ A and x < y . By the continuity of d and connectedness of [x, y], there
exists a point p ∈ [x, y] such that d(x,p) = d(y,p). By (A.1), there is no midpoint of x
and y in A \ {p}, and by (A.2), there is no midpoint of x and y in B ∪C. Hence, p is the
unique midpoint of x and y .
Case 2. x ∈A and y ∈ B ∪C. By (A.2), the function d(y, · ) is monotone increasing on
A. On the other hand, by (A.1), the function d(x, · ) is monotone decreasing on the interval
(−∞, x] ⊆ A. Since d(x, x)= 0, it follows from (E.2) and (E.3) that there exists unique
point q in (−∞, x] such that d(x, q)= d(y, q). We show that no point in (x, b] ∪ B ∪ C
is a midpoint of x and y . By (E.1), there is no midpoint of x and y in (x, b]. Since
d(y, z) < 1 < d(x, z) for each z ∈ B ∪ C by (C.5) and (C.6), there is no midpoint of x
and y in B ∪C. Hence, q is the unique midpoint of x and y .
Case 3. x, y ∈ B ∪ C. First, assume that {x, y} 6⊆ Bi for each i ∈ N. Then, it follows
from Fact B that there exists unique point r in A such that d(x, r)= d(y, r) and r < b. By
(E.4), no point of B ∪C is a midpoint of x and y . Next, assume that {x, y} ⊆ Bi for some
i ∈N. Then, (x + y)/2 is the unique midpoint of x and y in B ∪C by (C.6). By (A.3), no
point of A is a midpoint of x and y .
In each case, x and y has the unique midpoint. Hence, d has the UMP and, by the above
proof, d satisfies the condition (iii). The proof of Lemma 6 is complete. 2
Proof of Theorem 3. Let d be a metric on the space M = A ∪ B ∪ C satisfying the
conditions (i)–(iii) in Lemma 6. Let X be the subspace of R satisfying the conditions
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(i)–(iii) in Theorem 3. Let Y be the union of all one-point components of X. Since Y is a
0-dimensional separable space, Y is homeomorphic to a subspace of C. Thus, by (i)–(iii)
in Theorem 3, the space X can embeds in M in such a way that (−∞, b) ⊆ X, Y ⊆ C
and X ∩ Bi is connected for each i ∈ N, where Y or some X ∩ Bi may be empty. Now,
we consider the medial map m of d . If x, y ∈ X ∩ Bi and x 6= y , then m(x,y) ∈ X ∩ Bi
by Lemma 1. This combined with (iii) in Lemma 6 implies that the restriction d|X×X has
the UMP. Hence, the space X has the UMP. 2
Nadler [5] proved a special case of Theorem 3 that the sum of a half-open interval and
a singleton, for example, {−1} ∪ [0,+∞), has the UMP. More generally, we have the
following corollary from Theorem 3:
Corollary 1. Let X be a space which is the sum of at most countably many subspaces
{Xn: n ∈A} of R. Assume that at least one of the spaces Xn is a noncompact interval and
others are either intervals or totally disconnected. Then, X has the UMP.
Corollary 2. Let X be a space with exactly two components. Then, X has the UMP if and
only if X is not compact and each component is either homeomorphic to an interval or a
singleton.
Proof. The ‘if’ part follows from Corollary 1. Conversely, assume that X has the UMP.
Then, each component of X is homeomorphic to an interval or a singleton by Lemma 2.
Hence, if X is compact, then X is homeomorphic to one of the following spaces: the two-
points discrete space {0,1}, the sum {0} ∪ [1,2], and I2. Obviously, {0,1} cannot have
the UMP, and by Theorem 1, the remaining spaces also does not have the UMP. This
contradiction completes the proof. 2
Remark 2. We do not know if every subspace of R containing a noncompact interval as
an open–closed set has the UMP. For more examples of subspaces of R with or without the
UMP, see [1,3–5].
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